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Chklovskii, Dmitri B. Optimal sizes of dendritic and axonal arborgesses: axons which carry nerve pulses away from the cell
in a topographic projectionl. Neurophysiol83: 2113-2119, 2000. | podies and dendrites which carry signals toward cell bodies
CF’fPS'der a top_qgrapfhlc projection be“";}ee” two “e”frona' layers Wp@ajal 1995a). Therefore each connection is interrupted by a
different densities of neurons. Given the number of output neuro Spapse which separates an axon of one neuron from a dendrite

connected to each input neuron (divergence) and the number of "rl.gf .
neurons synapsing on each output neuron (convergence), | deternfih@nother. Both axons and dendrites branch away from cell

the widths of axonal and dendritic arbors which minimize the tot&lodies forming arbors.

volume of axons and dendrites. Analytical results for one-dimensionalln general, a topographic projection with given divergence
and two-dimensional projections can be summarized qualitatively #ind convergence may be implemented by axonal and dendritic
the following rule: neurons of the sparser layer should have arbofgors of different sizes, which depend on the locations of the

wider than those of the denser layer. This agrees with the anato ; o ; ;
data for retinal, cerebellar, olfactory bulb, and neocortical neurons t g:napses. For example, consider a wiring diagram itk 1

morphology and connectivity of which are known. The rule may b@ndc = 6 (Fig. 2). Narrow axonal arbors may synapse onto

used to infer connectivity of neurons from their morphology. wide dendritic arbors (Fig. @ or wide ax_onal arbors may
synapse onto narrow dendritic arbors (Figc)21 call these

arrangements type | and type Il, correspondingly. The question
INTRODUCTION is: which type is preferred?

Understanding brain function requires knowing connectionsI propose a rule which specifies the sizes of axonal arbors of

between neurons. However, experimental studies of intern iput nel;]r_ons z_ind_ de.nd_rltrllcd_arbors of/output neurons_mf a
ronal connectivity are difficult and the connectivity data ar pographic projection: High divergence/convergence ratio fa-

- ; wide axonal and narrow dendritic arbors whereas low
scarce. At the same time, neuroanatomists possess much §r

on cellular morphology and have powerful techniques to ima e 9 deenncc;ar/i(t:igng/%rggnc';ot\altreartéztfie\é?rstﬂia;rrrczjvlvearﬁc;naL:rEoc;rrﬁlind
neuronal shapes. In this situation | propose the use of morp ' Y Y

logical data to infer interneuronal connections. Any such ir@'EOI in terms of neuronal densities in the two layers: Sparser

: layer has wider arborsin the above example, divergence/
Iﬁ(ra?rnggn?gsttivri(ta:/y on rules which relate shapes of neurons(ftggnvergence (and neuronal density) ratio is 1/6 and, according

The purpose of this paper is to derive such a rule for |trr1] fhirg leét)g?el (Ij:rri:/aengerSggzitgsslg%:rgirg;egﬁﬁi.s rule from
frequently encountered feature in the brain organization:ﬁ bap q

. A . e principle of wiring economy which can be summarized as
topographic projection. Two layers of neurons are said to for Iloevs (Cpajal 1995bg Cherniaky1992' Chklovskii and Stevens
a topographlc.prOJectlon If adjacent neurons of the Input Iay(i 99; Mitchison 199i' Young 1992): épace constraints require
connect to adjacent neurons of the output layer (Fig. 1). Asp ! ’ :

. eping the brain volume to a minimum. Because wiring
result, the output neurons form an orderly map of the inp xons and dendrites) takes up a significant fraction of the

layer. . . I
| characterize interneuronal connectivity for a topograph?{:mume’ evolution has probably designed axonal and dendritic

— : . ors in a way that minimizes their total volume. Therefore
projection by divergence and convergence factors deflnedazig o . g
follows (Fig. 1):DivergenceD, of the projection is the number‘(’)vetinr:]?zyaltjigﬂerStand the existing arbor sizes as a result of wiring
of output neurons which receive connections from an mpuPTo obtainlthe rule | formulate and solve a wiring optimiza-
neuron.Convergence, Cof the projection is the number of gn problem. The goal is to find the sizes of axons and

input neurons which connect with an output neuron. | assur? rqdrites which minimize the total volume of wiring in a

that these numbers are the same for each neuron in a gi S . X ;
layer. Furthermore, each neuron makes the required conné)(QOQraph'C wiring diagram for fixed locations of neurons. |

tions with the nearest neurons of the other layer. In most cas?a%(?tgg ?ﬁrw'ﬂgﬂﬁgﬁ%fﬂg dgleéglegggu?:g t%%?\:ﬁ;ggg?s_
this completely specifies the wiring diagram. ' 9 pap

A typical topographic wiring diagram shown in Fig. sectional area of dendrites and axons are constant and equal.

misses an important biological detail. In real brains, conne herefore the problem reduces to the wirleggth minimiza-

tions between cell bodies are implemented by neuronal p 0—2'r Z/gnr]eeig:tssazlasresér;\\:\ll%llze%(\t/\(landed to the case of unequal
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n, calculation only those parts of the wiring which are parallel to
the neuronal rows.
.« o e .« o e | start by considering a special case where each input neuron
connects with only one output neurdd € 1) (Fig. 2A). There

are two limiting arrangements satisfying the wiring diagram:
n, type | has wide dendritic arbors and no axonal arbors (8. 2
Fic. 1. Wiring diagram of a topographic projection between inpjtand ~ type Il has wide axonal arbors and no dendritic arbors (F'g-
output (1) layers of neurons. Divergenc®, is the number of outgoing 2C). Intuitively, the former arrangement has smaller wire
connections (her® = 2) from an input neuron (wavy lines). ConvergenCe, |ength: short axons synapsing onto a common buslike dendrite
is the number of connections incoming (hele:= 4) to an output neuron (bold g patter than long axons from each input neuron synapsing
lines). Arrow, direction of signal propagation. ’ . . . .
onto a short dendrite. To confirm this | calculate wire length in

theory. They found a correlation between convergence afitf tWo extreme arrangements for= 1 (seevetHops)

complexity of dendritic arbors in sympathetic ganglia. Conclu- L = (1-1/C) 0
sive comparison of this data with the theory requires establish-

ing topographic (or some other) wiring diagram and measuring L= { C/a, C —even @
axonal arbor sizes in this system. ! (C—1/C)/4, C - odd

In the next section | consider a one-dimensional version of -, .ca results show that fdd = 1 andC = 3 the two

o . ) Qrrangements have the same wire length.For 1 andC >
dendritic and no axonal arbors (type 1) in case of divergenge,, o5 angement with wide dendritic arbors and no axonal

less than convergence and _by no dendritic and W'de axonghors (type 1) has smaller wire length than the arrangement
arbors (type 1) in the opposite case. Next, | consider a twg;

di ional X £ th bl If both a'th wide axonal arbors and no dendritic arbors (type ).
Imensional version or th€ problem. oth convergence and, .o, readily apply this result to another special c&se; 1,
divergence are much greater than one, the optimal ratio

dendriti d I arb Is th t of invoking the symmetry of the problem in respect to the
endritic and axonal arbors equais the square root ot CoNVeiraction of the signal propagation. | can interchange the words
gence/divergence ratio.

. . “axons” and “dendrites” and variablés andC in the deriva-
| test the rule on the available anatomic data. For seve[al. and use the above argument. Bo= 1 andD = 3 the two
projections between retinal, cerebellar, olfactory bulb, angdieme arrangements have the same wire length, whereas for
ngaocorncal neurons, arbpr sizes agree with thg rule. FlnaIIyDI> 3 the arrangement with wide axonal arbors (type II) has
discuss other factors which may affect arbor sizes. shorter wiring than the arrangement with wide dendritic arbors
(type I).
TOPOGRAPHIC PROJECTION IN ONE DIMENSION Next, | consider the case when both convergence and diver-
gence are greater than ore, (C > 1). For the two extreme
Consider two parallel rows of evenly spaced neurons (Fig. A)rangements | get (Se&THODS)
with a topographic wiring diagram characterized by diver-
gence,D, and convergence. The goal is to find axonal and L =D(1 - 1/C) ®)
dendritic arbor sizes which minimize the combined length of L, = C(1 - 1/D) @)
axons and dendrites. | compare different arbor arrangements by
calculating wire length per unit length of the rovis,| assume Comparison of the two expressions reveals the following: if
that input/output rows are close to each other and include in tiliwergence is less than convergence, then the optimal arrange-
ment has wide dendritic and no axonal arbors (type I). If

A ... ... divergence is greater than convergence, then the optimal ar-
rangement has wide axonal and no dendritic arbors (type Il). If
convergence and divergence are equal, both arrangements have

wiring diagram the same wire length. _ _ _
| can restate this result by using the identity between the
divergence/convergence ratio and the neuronal density ratio

B .. Q Q QIjQ 9 Q Q Q QIjQ Q Q .. (seewvetHoDS): In the optimal arrangement the sparser layer has

wide arbors, whereas the denser layer has none.

So far | compared extreme arrangements with wide arbors in
Typel one row and none in the other. What about intermediate ar-
rangements, with both axonal and dendritic arbors of nonzero
width? To address this question | consider the limit of large

c ... . .. divergence and convergence factogsy D > 1). | find wire
(E CLQQIJ__IBQ—Q ? ? MIJ_'IEQ_Q ? length as a function of the axonal arbor siggseemETHODS)

Type II

D
L(s,) = nlsa<1 - E) +D (5)
FIG. 2. Two different arrangements implement the same wiring diagham.

topographic wiring diagram wit€ = 6 andD = 1. B: arrangement with wide : [
dendritic arbors and no axonal arbors (type @). arrangement with wide Because 0< Sa < C/nl' | find the foIIowmg. IfD/C <1, then

axonal arbors and no dendritic arbors (type I1). Because convergence excé&% mi'f‘imal Wiref !ength is achieved whep= 0, arrangement
divergence, type | has shorter wiring than type II. with wide dendritic and no axonal arbors (type I)OfC > 1,
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divergence A B Q 0 Q O
7 Type 11 ¢ o) o)
6 wide axonal o
5 arbors
Q O
4 o o Type I
34 o o o Widedendritic o] o) ') o)
arbors
2¢ o o wiring diagram Type 1
) TorII
1 2 3 4 5 6 convergence C D
Fic. 3. Phase diagram for the one-dimensional projection. Optimal ar- O\ f) O\ Ap
rangements for possible pairs of convergence and divergence are shown.
projections where wire length is minimized by both wide axonal and wide
dendritic arbor arrangements.
then the minimal wire length is achieved whep = Cin,
arrangement with wide axonal and no dendritic arbors (type I1). O\ P
If D/C = 1, then all possible axonal arbor widths give the same C{ \O O/ \O
wire length.
This proves that forC, D >> 1 extreme arrangements Type II Type I

minimize wire length. In cases of smdll and D | checked
intermediate solutions one by one. In many cases intermediatés. 4. Different arrangements implement the same wiring diagram in 2

arrangements have the same wire length as the extreme sgffjénsionsA: topographic wiring diagram witi> = 1 andC = 16. B:
arrangement with wide dendritic arbors and no axonal arbors (typ€:l).

tion. However_, only for_a few “degenerat®, C pairs there are arrangement with wide axonal arbors and no dendritic arbors (type I). Because
equally good intermediate arrangements with the reverse rad#vergence exceeds divergence, type | has shorter wiring than type II.

of average axonal and dendritic arbor sizes relative to tiermediate arrangement which has the same wiring length as type I.
extreme solution.

My results are conveniently summarized on the phase diiagram: type | has wide dendritic arbors and no axonal arbors
gram in Fig. 3, which shows optimal arrangements for vario5ig. 4B); type Il has wide axonal arbors and no dendritic
pairs of divergence and convergence factors. | mark the d@&bors (Fig. £). | take the branching angles equal to 120°, an
generatd, C pairs by diamonds on the phase diagram (Fig. 3)ptimal value for constant cross-sectional area (Cherniak

What if axons and dendrites have different cross-sectionk92). Assuming “point” neurons, the ratio of wire length for
areas? The principle of wiring economy requires that wif¥pe | and Il arrangements
volume rather than wire length should be minimized. | can
modify the arguments of this section by including the cross- L 057 6)
sectional areas of the processes. | find lprC > 1 that if Ly

divergence/convergence ratio is less than the ratio of axonalry, g the type | arrangement with wide dendritic arbors has

and dendritic cross-sections, then the optimal arrangement Qg8 yer yyire length. This conclusion holds for other conver-

wide dendritic and no axonal arbors (type I). In the opposife, .o yalues much greater than one, provibed 1. How-

case | find wide axonal and no dendritic arbors (type ). ever, there are other arrangements with nonzero axonal arbors
that give the same wire length. One of them is shown in

TOPOGRAPHIC PROJECTION IN TWO DIMENSIONS Fig. 4D. Degenerate arrangements have axonal arbor width
0 < s, < 1/Vn,, where the upper bound is given by the

Consider two parallel layers of neurons with densiigand  555r6ximate interneuronal distance. This means that the opti-
n,. The topographic wiring diagram has divergence and Cop5| arbor size ratio fob = 1

vergence factorsD and C, requiring each input neuron to
connect withD nearest output neurons and each output neuron S hy
with C nearest input neurons. Again, the problem is to find the s:> n
arrangement of arbors which minimizes the total length of
axons and dendrites. For different arrangements | compare th8y using the symmetry in respect to the direction of signal
wire length per unit ared.,. | assume that the two layers arepropagation | adapt this result for tiie= 1 case. FoD > 1,
close to each other and include only those parts of the wirisgrangements with wide axonal arbors and narrow dendritic
which are parallel to the layers. arbors (0< s; < 1/V/n,) have minimal wire length. These

| start with a special case where each input neuron conneatsangements have arbor size ratio
with only one output neuronl = 1). Consider an example
with C = 16 and neurons arranged on a square grid in each Su ny

layer (Fig. 40). Two extreme arrangements satisfy the wiring sa< n, ®

@)
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Next, | consider the case when both divergence and conviyout, axonal arbors are absent and dendrites have to reach out
gence are greater than one. Due to complexity of the problémevery input neuron. Again, because each input neuron con-
I study the limit of large divergence and convergeride@ >> nects to many output neuron (large divergerizes> 1), many
1). | find analytically the optimal layout which minimizes thedendrites run in parallel inefficiently carrying the same signal.
total length of axons and dendrites. Unlike the one-dimensiorfalnonzero axonal arbor rectifies this inefficiency by carrying
projection, optimal sizes of both axons and dendrites turn ctifnals to several dendrites along one wire.
to be nonzero. | find that the optimal ratio of dendritic and axonal arbor

Notice that two neurons may form a synapse only if thaiameters equals the square root of the convergence/divergence

axonal arbor of the input neuron overlaps with the dendritgtio' or, alternatively, to the square root of the neuronal

arbor of the output neuron in a two-dimensional projectio ensity ratio

(Fig. 5). Thus the goal is to design optimal dendritic and axonal sy c h,
arbors so that each dendritic arbor intersé€taxonal arbors s \E= \E ©)

and each axonal arbor interse€isdendritic arbors.

To be specific, | consider a wiring diagram with conver- Because | considered the case w@h> D this result also
gence exceeding divergencg, > D (the argument can bejustifie_s_ the assumption about axonal arbors being smaller than
readily adapted for the opposite case). | make an assumptig@ndritic ones. ) )
to be verified later, that dendritic arbor diamesgiis greater SO far | treated axons and dendrites on equal footing. In real
than axonal ones,. In this regime each output neuron’s denbrains, however, axons are usually thinner than dendrites re-
dritic arbor forms a sparse mesh covering the area from whitificting electrophysiological differences between them. Be-
signals are collected (Fig. 5). Each axonal arbor in that aréause the wiring economy principle requires minimizing the
must intersect the dendritic arbor mesh to satisfy the wirirfgtal volume occupied by axons and dendrites, expressions of
diagram. This requires setting mesh size equal to the axofffp section must be modified. This is easily done by taking
arbor diameter. fixed average axonal and dendritic cross-sectional angas\d

By using this requirement | express the total length of axond, and minimizing the total volume. For example, by repeating
and dendritic arbors as a function of only the axonal arbor si8€ calculations shown imetHops, | get a modified expression
s, Then | find the axonal arbor size which minimizes the tot4pr the optimal arbor size ratio

wire length. Details of the calculation are givenMatHobs. s, ch h
_ a — 1'la
Sa B \ Dhy \'nzhg

Here, | give an intuitive argument for why in the optimal
layout both axonal and dendritic size are nonzero. Consider
two extreme layouts. In the first one, dendritic arbors have zeroThere is an interesting consequence of the total volume
width, type II. In this arrangement axons have to reach out teinimization. A straightforward calculation shows that in the
every output neuron. For large convergenCes> 1, this is a optimal arrangement the total axonal volume of input neurons
redundant arrangement because of the many parallel axagatqual to the total dendritic volume of the output neurons.
wires of which the signals are eventually merged. In the second
COMPARISON OF THE THEORY WITH ANATOMIC
DATA

(10

This theory makes predictions relating convergence/diver-
gence ratio of a neuronal projection to the relative sizes of
axonal and dendritic arbors. To test these predictions | analyze
real neuronal projections for which both neuronal morphology
and connectivity are known. These projections take place be-
tween various classes of retinal, cerebellar, olfactory bulb, and
neocortical neurons.

Retinal neurons

Retinal neurons are well suited for testing the theory because
their connectivity and morphology are well known. Moreover,
because retinal neurons use mostly graded potentials, their
axons and dendrites can be treated on the same footing. In
particular, |1 assume that their cross-sectional areas are the
S same.

, | | consider several projections between pairs of neuronal
« classes. In all cases divergence is either equal or close to one.

FIG. 5. Topographic projection between the |ayer3 of inpl)tdnd output Thus the theOI’y prediCtS that the I‘atiO Of dendritic and aX0na|
(0) neurons. For clarity, out of the many input and output neurons witirbor sizes must be greater than the square root of the input/
overlapping arbors only a few are shown. Number of input neurons is greagiiitput neuronal density ratis,/s, > (nl/n2)1/2 (Eq. 9.

than number of output neuron§/D > 1). Input neurons have narrow axonal : :
arbors of widths, connected to the wide but sparse dendritic arbors of width | present the data on the plOt of the relative arbor d|a15r21eter,

S Sparseness of dendritic arbor is given ybecause all input neurons Su/Sa, Versus the square root of the relative densitiegng)
spanned by the dendritic arbor have to be connected. (Fig. 6). Because neurons located in the same layer may belong
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SafSa_ Olfactory bulb neurons
50 L Q
I b= Another part of the brain containing projections with high
20 convergence and divergence factors is the olfactory bulb. The
0 A DV basic circuit of this part is reminiscent of the retinal circuit
; (Shepherd and Koch 1998). | focus on the projection between
5t o mitral and granule cells in the external plexiform layer. Again,
I I can neglect other projections because the majority of the
2t N synapses in the layer are between mitral and granule cells. This
-l &7 projection is peculiar in that synapses are dendro-dendritic.
: 9 However, the theoretical predictions should not be affected by
05 this fact. The ratio of granule to mitral cells is about 100:1

. (Shepherd and Koch 1998). In this case the theory predicts the
02 ¢ ratio of dendritic arbor diameters to be 10. This is in agreement
01 | with observed arbors sizes 1,200n (mitral secondary den-

; drites) (Shepherd and Greer 1998) and 50200 (granule
005 ¢ dendrites) (Shepherd and Greer 1998).
002 | C=1

00z 005 o1 0z 05 1 2z 5 10 20 80 (/)" Neocortical neurons

Fic. 6. Anatomic data for several pairs of retinal cell classes which form In cerebral cortex, axons and dendrites take up approxi-
topographic projections with = 1. All data points fall in the triangle above mately equal fractions of the total volume0.3 each (Brait-
thesy/s, = (n,/n,)*?line in agreement with the theoretical predictidy( 7). o : ;

The following data has been used; midget bipolar— midget ganglion enberg and Schuz 1998)' ,Thls |s'unI|ke'Iy to be an accidental

(Dacey 1993; Milam et al. 1993; Watanabe and Rodieck 1989)fifiuse ~ COincidence because the linear dimensions of axons and den-

bipolar— parasol ganglion (Grunert et al. 1994; Watanabe and Rodieck 198@lrites are different. Axons of a given neuron are typically three

(V' '0d5|—> fo‘lj b'po";f (Gé”“e” ?“dd Mdart'” 1%914; cones > HI hol”z(omgls  limes thinner than dendrites while being on average ten times

Wassle et al. 1989);, rods— telodendritic arbors of HI horizontals (Rodiecl .

1989). longer (Bra|tenberg and_ Schu_z 1998). Because_ the volume
scales with the length times diameter squared, it comes out

to different classes each having different arbor size and cdeughly the same for both types of processes.
nectivity, | plot data from different classes separately. All the This fact can be explained by the present theory as a result
data points lie above thg/s, = (n,/n,)*? line in agreement of volume minimization for a circuit with high divergence and
with the prediction. convergence values. In cerebral cortex the majority of connec-
This shows that even though the actual retinal circuit is mo#@ns are intracortical (Ahmed et al. 1994; LeVay and Gilbert
complicated than a single projection between two neurorik76; Peters et al. 1994). If | assume that each cortical neuron
classes, the theory gives a reasonable first-order approximatiéaceives inputs fron other cortical neurons in its vicinity and
sends outputs td, other cortical neurons then cortical con-
nections can be viewed as a topographic projection from the
Cerebellar neurons cortical neurons onto themselves. Diameters of axonal and
Igendritic fibers are determined by requirements on their elec-

High level of regularity and high convergence and dive hysiological properties. Then the minimal total volume of
gence factors in cerebellum make it a natural choice to test ttttn)%gng andgdendpritei i aéhieved by choosing arbor sizes in
predictions. | apply the theory to the projection from granul Y 9

cell axons (parallel fibers) onto Purkinje cells. Because the%
cells form the majority of connections in the m_olecular !aygr, In general, application of the rule requires some care be-
| can neglept other cell types and assume a single prole‘?“e use it was derived for a simplified model. | considered a
Although dlvergence'fgctor can be a few hundred, the ratio pographic projection only between a single pair of layers.
granule cells to Purkinje cells is 3,300 (Andersen et al. 1992)4yever, neurons often make connections to different layers.
indicating a_h|gh convergence/d_lvergence ratio. Inth!s Caseti’r‘ﬁparticular, dendritic arbors of the output layer may be
theory predicts a ratio of dendritic and axonal arbor sizes of 5§etermined by connections other than to the input layer. For
This is qualitatively in agreement with wide dendritic arbors adxample, consider the topographic projection from thalamus to
Purkinje cells and no axonal arbors on parallel fibers. the primary visual cortex. One may think that because the
Quantitative comparison is complicated because the projelensity of magnocellular thalamic afferents is smaller than
tion is not strictly two-dimensional: Purkinje dendrites stackegeurons in layer 4@ (80 mm 2 compared with 1.8x 10
next to each other add up to a significant third dimensiomm ?) (Peters et al. 1994), then the axonal arbors should be
Naively, given that the dendritic arbor size is about 40@, wider than the dendritic ones. Although this is true [GO®
Eq. 9predicts axonal arbor of aboutwim. This is close to the (Blasdel and Lund 1983) compared with 20én (Wiser and
distance between two adjacent Purkinje cell arbors of aboutC@llaway 1996)], the majority of inputs to layer 4&Care
um. Because the length of parallel fiberssig um, absence of intracortical (Peters et al. 1994) Therefore the dendritic arbor
axonal arbors comes as no surprise. size may be determined by these other projections.

cordance witfEq. 1Q This results in axons and dendrites
cupying the same volume.
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ni FIG. 7. Topographic projection between
h fi .
PRIV OQOQOQOQO O QO O et wairons i arssir o ine

output,C/D > 1. Sizes of the axonal arbors

ares, and of dendritic arbors a®. We show

T T T T T T .
lj D E] Ij [I_-I Ij |:] [:] t] [j in bold the cell bodies of th€ input neurons

rojecting to one output neuron (bold).
Sq S, n, proj g p ( )

OTHER FACTORS AFFECTING ARBOR SIZES Projection in one dimension

| have argued that the relative size of axonal and dendriticFirst, consider the case &f = 1. In type 1 arrangement (FigB},
arbors is related to the convergence/divergence ratio duettie size of a dendritic arbos,, is the interneuronal spacingnitimes
simple geometric constraints. One may object to this theory #re number of interneuronal intervals covered by the arGor; 1
the grounds that axons and, especially, dendrites perform func-
tions other than linking cell bodies to synapses and, therefore
the size of the arbors may be dictated by these other consiie number of dendritic arbors per unit length is equal to the density
erations. Although | cannot rule out these effects, | believe thaftoutput neuronsy,. The combined dendritic arbor length per unit
the primary function of axons and dendrites is to connect celéngth isn,s,. Because the axonal arbors do not contribute, the total
bodies to synapses to conduct nerve pulses between theffe length per unit length
Indeed, if neurons were not connected, more sophisticated
effects such as nonlinear interactions between different den-
dritic inputs could not take place. Therefore in the first-ordey usingEq. 11and recalling thab =1, | getEq. 1.
approximation the most basic parameters of axonal and denk type Il arrangement (Fig.@), the wire length is equal to the sum
dritic arbors such as their size should follow from considepf the lengths of axons converging on each output neuron multiplied
ations of connectivity. When the details of nonlinear interady the neuronal density in the output layer
tions in dendrites become well understood, their impact on the

Sg=(C—1)/n, 12

L, = n,54 = ny(C — 1)/n, (13)

p— — M- — 2 p—
arbor size can be incorporated in the theory. Ly = {EZHE - 1; . Eg - g; Lo (1)%;21 - zz(cclf'fl'l)mﬂ g_ o
One may argue that there is another geometric constrainton * ° v v
the dendritic arbor size: dendritic surface area may be needed (14)

to accommodate all the synapses. However, this argument does ,
not specify arbor sizes; a compact dendrite of elaborate shaf"9Ed. 111 express the result in terms of convergence alde~(
can have the same surface area as a wide dendritic ardd"d ge‘Eq.az " & C> 1 By usinaEa. 11 | find f
Moreover, the density of synapses on dendrites seems to ei\gtﬁg?s' erthe case @, - By usingEq. 11, | find from
highly variable indicating that the limit of synapses per unit ™
area is not reached in real brains. Therefore this argument L, =D(1 - 1/C) (15)
seems unlikely to determine arbor sizes. o ) ) )

Finally, agreement of the predictions with the existing an%:h'S IsEq. 3of the main text. By using the symmeiry in respect o the
tomic data suggests that the rule is based on correct principfigection of signal propagation | finfig. 4 of the main text.

Further extensive testing of the rule is desirable. Violation hd%Xet’n!jﬁﬁ?:;diﬁbirlsa[ﬁgg)?miﬂteﬁ'ﬂtffbgraéyizfsﬂ :‘;‘%f?"

the rule in some system would suggest the presence of OfjRF \yiring diagram each input neuron must connect vttoutput

overriding considerations in the design of that system, whichdgurons and each output neuron must connect @ithput neurons.

also interesting. This places a constraint on the sum of axonal and dendritic arbor
In conclusion, | propose a rule relating connectivity ofvidths

neurons to their morphology based on the wiring economy

principle. This rule may be used to infer connections between Sa+ 8q = D/n, = C/ny (16)

neurons from the sizes of their axonal and dendritic arborsperefore axonal arbor width can take values 8, < C/n,. The total

wire length per unit length is

METHODS L= s+ s, a7
| frequently use the following identity (Purves et al. 1986) relatin

convergence/divergence ratio and neuronal densities ratio %snng Egs. 11and16, | getEq. 5of the main text.

c_m 11) Projection in two dimensions
D n
’ | consider the case @, D >> 1 (Fig. 5). The following calculation

To prove it, | calculate the number of connections (or synapses,igfvalid to the leading order i andC: | omit numerical factors of
connections are monosynaptic) per unit length in two ways. Tieder one which depend on the precise geometry of axonal and
number of connections (or synapses) is the number of input neurotiendritic arbors. The total length of a dendritic ardgris equal to the
n,, times divergence). At the same time, the number of connectionsiumber of periods in the mesfj/s; times the mesh sizes,
(or synapses) is the number of output neur@gstimes convergence,
C. Because the answer should not depend on the argumght=
n,C andEq. 11follows trivially.

&

ly= (18

r
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The size of the dendritic arbos,, follows from expressing cen ANDERSEN B. B., Koreo, L., AND PAKKENBERG, B. A quantitative study of the
vergence as the product of the area covered by the dendritic arbdtuman cerebellum with unbiased stereological technigi&Somp. Neurol.

times the density of input neuroi® = s3n, 326: 549-560, 1992. o _
BLasDEL, G. G.AND LunD, J. S. Termination of afferent axons in macaque
C striate cortexJ. Neurosci3: 1389-1413, 1983.
Sh=— (19) BRAITENBERG, V. AND ScHuz, A. Cortex: Statistics and Geometry of Neuronal
N Connectivity New York: Springer-Verlag, 1998.
Substituting this intcEq. 181 find CA;/gL, S.R.Y.Histology of the Nervous SystehMew York: Oxford, 1995a, p.
c CaiaL, S.R.Y.Histology of the Nervous Systehew York: Oxford, 1995b, p.
|, = (20) 116.
‘ N1S, CHERNIAK, C. Local optimization of neuron arbomiol. Cybern.66: 503-510,
1992.

The length of an axonal arbor is approximately given by its size CHkLovskil, D. B. AND STEVENS, C. F. Wiring optimization in the brain. In:

Advances in Neural Information Processing Systemsetited by S. A.
la=sa @1 Solla, T. K. Leen, and K.-R. Miller. Cambridge: MIT Press, 2000.
Dacey, D. M. The mosaic of midget ganglion cells in the human retina.
J. Neurosci.13: 5334-5355, 1993.
cn GRUNERT, U. AND MARTIN, P. R. Rod bipolar cells in the macaque monkey
L=Ig,+1,n = Tsz + s,n; (22) retina: immunoreactivity and connectivityl. Neurosci.11: 2742-2758,
1

Then the total wire length per unit area is

. . . . . . GRUNERT, U., MARTIN, P. R.,AND WAssLE, H. Immunocytochemical analysis
' To find the optimal axonal a'rbot sizg, | differentiate wire length bipolar cells in the macaque monkey retink. Comp. Neurol.348:
in respect tos, and set the derivative to zero 607—-627, 1994.
LEVAY, S.AND GILBERT, C. D. Laminar patterns of geniculocortical projection
in the cat.Brain Res.113: 1-19, 1976.
MiLam, A. H., DAcey, D. M., AnND DizHoOOR, A. M. Recovering immunoreac-
tivity in mammalian cone bipolar celld/is. NeuroscilO: 1-12, 1993.

Solution of this equation gives the optimal size of an axonal ayor, MiTcHison, G. Neuronal branching patterns and the economy of cortical
wiring. Proc. R. Soc. Lond. B Biol S&245: 151-158, 1991.

L Cn,

—= +n,=0 23
asa nlsg Ny ( )

cn, D PeTeRs A., PAYNE, B. R., AND Bupb, J. A numerical analysis of the genicu-
Sa= 1\ = 1\ (24) locortical input to striate cortex in the monke@ereb. Cortexd: 215-229,
M il 1994.

Purves, D. anp Humg, R. |. The relation of postsynaptic geometry to the
number of presynaptic axons that innervate autonomic ganglion cells.
J. Neurosci.l: 441-452, 1981.

By usingEq. 191 get the size of the dendritic arbor

sy = c (25) Purves, D. AND LicHTMAN, J. W. Geometrical differences among homologous
n, neurons in mammalsScience228: 298-302, 1985.
PURVES, D., RuBiN, E., SUDER, W. D., AND LIcHTMAN, J. Relation of animal
The last two equations combined gitzg. 9 of the main text. size to convergence, divergence, and neuronal number in peripheral sym-

pathetic pathways]. Neurosci6: 158-163, 1986.

) . . . Robieck, R. W. The First Steps in Seein§underland, MA: Sinauer Associ-
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